ZrSiS is one of the strong candidates for realistic nodal-line semimetal. We theoretically investigate the dynamical conductivity in ZrSiS by using a multi-orbital theoretical model based on the firstprinciples band calculation. We find that the dynamical conductivity in the clean limit is actually not frequency independent unlike the ideal Dirac model, while nearly flat dependence is achieved by introducing the energy broadening possibly induced by the disorder. The results can be applied to other compounds with the similar crystal structure, such as ZrSiSe, ZrSiTe, and HfSiS.
I. INTRODUCTION
Nodal semimetal is a novel class of topological material and attracts much attention in condensed matter physics 1 . It is characterized by the gapless energy band structure, where the conduction and valence band touch with each other, and the band structure linearly disperses in the momentum space around the band touching point (node). The Dirac and Weyl semimetals [2] [3] [4] [5] [6] are threedimensional (3D) point-node semimetal, where the band touching occurs at discrete points in the 3D Brillouin zone. On the other hand, the nodal-line semimetal [7] [8] [9] [10] is another type of nodal semimetal in which the energy bands stick on a line in the reciprocal space. Recently, several theoretical works predicted 3D nodal-line semimetals in condensed matter systems. [7] [8] [9] [10] [11] [12] [13] , and various unusual phenomena related to the nodal-line were also proposed [14] [15] [16] [17] [18] [19] [20] .
Experimentally, the evidence of the nodal-line feature has been detected in several materials by angle resolved photoemission spectroscopy [21] [22] [23] and magnetotransport measurements 24, 25 . In particular, a series of compounds, ZrSiS, ZrSiSe, ZrSiTe, and HfSiS, are predicted to be nodal-line semimetals with the similar electronic structure, and the characteristics of nodal-line was actually confirmed in recent experiments. [26] [27] [28] [29] [30] [31] [32] Here the band crossing appears near the Fermi energy, and therefore it serves an ideal platform for experimental exploration of the nodal-line semimetals 24, 25, 28, [32] [33] [34] [35] . Recently, the optical absorption of ZrSiS was measured in a broad frequency range, 36 and it was shown that the absorption ratio is nearly independent of photon energy up to ∼ 350 meV. Such a flat frequency dependence may seem a characteristic property of the ideal linear dispersion such as graphene 15, 17, 37, 38 . In ZrSiS, however, the linear approximation is valid only in relatively narrower energy region less than 100 meV. There must be an alternative mechanism to realize the flat dynamical conductivity up to 350 meV, under the realistic complex electronic structure.
In this paper, we calculate the dynamical conductivity of ZrSiS using a multi-orbital tight-binding model based on the first-principles band calculation. We discuss about the frequency dependence in relation to the electronic structure. We find that the dynamical conductivity in the clean limit is actually not frequency independent, while nearly flat dependence is achieved by introducing the energy broadening, which is possibly induced by the disorder. Our study focuses on ZrSiS but the results can be applied to other compounds with the similar crystal structure, e.g., HfSiS.
This paper is organized as follows. First, we calculate the band structure in ZrSiS by a first-principles method, and we investigate the electronic structure and nodallines in detail in Sec. II. In Sec. III, we introduce the multi-orbital tight-binding model, and numerically calculate the dynamical conductivity with various polarization directions. Furthermore, we analyze the relation between the dynamical conductivity and the electronic structure by using a simple model in Sec. IV. The conclusion is given in Sec. V. 
II. FIRST-PRINCIPLES BAND CALCULATION
ZrSiS is a tetragonal crystal, and its unit cell contains two Zr atoms, two Si atoms, and two S atoms as shown in Fig. 1 . We set the z axis to be parallel to the c axis, and the x and y axes as shown in the figure. We calculate the band structure by the first-principles calculation code, quantum ESPRESSO 39 . Here, we adopt the lattice structure in Ref. 40 and 41 , where the lattice constants are a = 3.545Å and c/a = 2.273, and the atomic positions are given in Table. I. In this calculation, we employ a PAW type pseudopotential with GGA functional, the cut-off energy of plane wave basis 150 Ry, and the conversion criterion 10 −8 Ry. We omit the spin-orbit coupling, which opens a small gap ∼ 10 meV, in the band struc- ture but the effect of this coupling appears below 100 K in the low photon energy region ω < 20 meV 36 . We show the calculated band structure in Fig. 2 . The conduction and valence bands are touching at offsymmetric points in the region Γ-X, Γ-M , Z-R, and Z-A, and the energy bands show linear dispersion around the nodal points. To see the low energy band structure in more detail, we plot the energy band on the twodimensional momentum space (k x , k y ) at fixed k z 's in Fig. 3 (a) to (d). The lower figure in each panel is the side view from (k x , k y ) (1,1).
In 0 < k z < π/(2c) [Figs. 3(b) and (c)], the conduction band and valence band touch at eight points arranged in a diamond-like shape on k x k y -plane. By changing k z , the touching points continuously move on k x k y -plane, forming nodal lines along k z direction. At k z = 0 [ Fig. 3(a) ] and π/2c [ Fig. 3 ], the band touching occurs entirely on the diamond, and this gives another nodal line parallel to k x k y -plane. The overall structure of the nodal-lines in three-dimensional Brillouin zone is illustrated in Fig.  3(a) , where the horizontal and vertical nodal-lines form a cage like structure. The top and bottom of the cage connect to itself at the Brillouin zone boundary, k z = ±π/c. The nodal-lines on k x k y -plane are located at a single energy, while the one along k z direction has the energy dispersion as shown in Fig. 3(b) .
III. DYNAMICAL CONDUCTIVITY
We investigate the dynamical conductivity in ZrSiS by using a multi-orbital tight-binding model based on the DFT band calculation. Here we obtain maximallylocalized Wannier functions and hopping matrix elements by Wannier90 42 , to replicate the DFT band structure in Fig. 2 . We take five d-orbitals in Zr atom, s-orbital and three p-orbitals in Si and S atoms. The tight-binding Hamiltonian H is written in terms of the hopping integrals between the Wannier orbitals |Zr
, s , and |S (j) , p ν where µ = {3z 2 − r 2 , zx, zy, x 2 − y 2 , xy} and ν = {x, y, z}, and j = 1 and 2 represents two atomic positions in the unit cell as shown in Table. I. We obtain the Bloch wave function of the system by diagonalizing the tight-binding Hamiltonian.
In the linear response theory, the dynamical conduc- tivity σ(ω, T ) is expressed as
The optical absorption of the linear polarized light is proportional to σ 1 (ω) = Re[σ(ω)]. Here,
is a velocity operator with α parallel to the electric field, |mk represents the electronic eigenstate in the absence of external fields, τ is phenomenological relaxation time,
is the Fermi distribution function with the chemical potential µ.
In Fig. 4 (a) , we plot σ 1 (ω) for a linear polarized photon with polarizing directions (0,0,1), (1,0,1), and (1,0,0). In every case, σ 1 (ω) has the Drude peak at ω = 0, and after that σ 1 (ω) monotonically increase up to ω ∼ 350 meV and then it sharply falls. In even higher frequencies than 1 eV, σ 1 (ω) rises again. The low-frequency dependence of σ 1 (ω) is quite different from that of simple Dirac model (e.g., graphene) where the dynamical sheet conductivity is independent of ω. [43] [44] [45] [46] [47] In Fig. 4 (b) , we show the relaxation-time dependence of dynamical conductivity at T = 50K. In increasing /τ , the upslope in ω < 400 meV is gradually flattened by the spectral broadening, and almost flat ω-dependence is achieved at /τ = 30 meV. A similar flat dependence on frequency was actually observed in the same photon energy region in the recent light-absorption measurement. [36] In Fig. 4 (c) , we plot the dynamical conductivity of /τ = 10 meV at different temperatures. In increasing temperature, we see that the conductivity slightly decrease mainly in the low frequency region. This is because thermally-excited electrons and holes disturb the optical transition from the valence band to the conduction band. As a result, the overall slope of the flat region slightly increases in increasing temperature. In larger /τ , the temperature dependence becomes even smaller. Lastly, we notice the calculated dynamical conductivity exhibits a sharp increase above a photon energy ω ∼ 1.3 eV, which is also in a good agreement with the experimental observation [36] . This feature is associated with the excitation between the parallel slopes of the lowest conduction and the second highest valence band indicated in the lower panel of Fig. 2 . There the slopes disperse in the (k x , k y ) direction, and thus the sharp peak is absent in the polarizing direction of E//e z , as shown in Fig. 4 .
IV. ANALYSIS BY SIMPLE MODEL
In this section, we explain the characteristic peak structure of σ 1 (ω) at ω ∼ 350 meV using a simple 2×2 toy model. The band structure in Fig. 3(a)-(d) has a diamond-like structure with four-fold rotation symmetry, and the band touching occurs at every corner and every midpoint of the diamond. At k z = 0 and π/c, the band gap closes entirely on the sides of the diamond. We pick up the band structure on a single side of the diamond, and model it with a 2 × 2 Hamiltonian,
where σ ν is the Pauli matrix, a 2 is ∼ 3.545Å, and v is ∼ 1.5 × 10 5 m/s for ZrSiS. The energy dispersion of Eq. 2 is shown in Fig. 5 . The dependence of the band structure on k z can be described by the parameter u, and the gapclosing structure at k z = 0 and π/c correspond to u = 0. Approximately, we have u = u 0 sin k z with u 0 ∼ 170 meV. The parameters satisfy the condition ua 2 ≪ v, i.e., the typical velocity in the k 1 direction is much greater than that in the k 2 direction.
In Fig. 6 , we plot the two-dimensional (2D) dynamical conductivity for several u's, where the photon polarizing direction is parallel to k 1 and k 2 in (a) and (b), respectively. The numerical result exhibits a strong anisotropy where the photon polarized in the k 1 direction leads to much larger conductivity than that in the k 2 direction.
Moreover, the dynamical conductivity in (a) has a peak corresponding to the photon energy equal to the maximum split of 2u and then sharply falls.
The sharp drop at ω ∼ 2u can be explained by considering the off-diagonal velocity component between the electronic states | + k in the conduction band and | − k in the valence band:
where the energy split between these states is given by ∆E = 2 v 2 k 1 2 + u 2 sin 2 k 2 a 2 . The mixing between the conduction band and valence band is significant when vk 1 ∼ u, where the matrix element Eq. (3) is of the order of v. In the opposite limit vk 1 ≫ u, Eq. (3) rapidly shrinks in proportion to ∼ 1/k 1 and this leads to a sudden fall in Fig. 6 (a) . On the other hand, the matrix element of v 2 in Eq. (4) is always of the order of ua 2 , and therefore it is much smaller than Eq. (3), and also the peak structure does not appear. The total dynamical conductivity in ZrSiS can be obtained as a superposition of the 2D dynamical conductivity for the different u's. The sharp fall at ω ∼ 350 meV in Fig. 4 corresponds to the maximum of 2u. In the above simplified model, the band touching points are aligned on a single energy. However, the nodalline in the realistic electronic states has the energy dispersion as shown in Fig. 3 (b) , so that the 2D Dirac cone is either electron doped or hole doped depending on k z . The low frequency excitation is suppressed in a partially doped Dirac cone 43 and then the dynamical conductivity reduces in the low frequency region. This explains the upslope tendency of the dynamical conductivity in ω < 350 meV in small broadening parameter /τ [ Fig.  4(a) ] Finally, we analyze the suppression of σ 1 (ω) by tilt of polarizing direction to the c axis. Our simplified model can also describe the 2D band structure in the 2D momentum space parallel to k z along a vertical nodal line in Fig. 3(a) . In Fig. 7 , we plot the band structure in such a 2D momentum space parallel to (k x , k y ) = (1, 1) which is represented by (k 1 + π/(5a), k 1 − π/(5a), k z ) in the 3D reciprocal space. This band structure shows that the velocity along the z-axis is much smaller than that in the k 1 direction, and thus the dynamical conductivity is strongly suppressed when the polarizing direction is parallel to the z-axis as shown in Fig. 4(a) .
V. CONCLUSION
In conclusion, we investigate the dynamical conductivity of ZrSiS by a multi-orbital tight-binding model based on the first-principles band calculation. We analyzed the polarization dependence and the frequency dependence in connection with the nodal-line structure. In particular, we found that the dynamical conductivity in the clean limit is actually not frequency-independent unlike the ideal Dirac model, due to the significant deviation from the simple linear dispersion in the low-energy band structure. We introduce a simple 2 × 2 model , which well describes the qualitative feature of the dynamical conductivity of ZrSiS beyond the simple Dirac model.
